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Abstract-A two-dimensional analysis is presented to assess a possible mechanism to account for
the axial cracking behavior in rails which is usually called a vertical split head failure. This failure
is potentially damaging and may eventually lead to derailment. The vertical split head is simulated
in the present analysis as a vertical crack in an eccentrically loaded infinite strip, representing the
head, loaded on its upper surface and constrained on its lower surface, approximating the web
constraint. The vertical crack is modeled as distributed dislocations. By using Fourier tarnsforms,
the interior stress field and stress intensity factors at the crack tip are determined from the derived
coupled integral equations. The calculated stress field indicates that the initiation ofa vertical defect
is more likely to be caused by the influence of residual stresses upon an existing rail defect, such as
an inclusion. Moreover, the growth of the crack is constrained to within the rail head by the high
magnitudes of compressive stresses that occur beneath the contact loading and the head-web
juncture.

I. INTRODUCTION

Contact fatigue failure that is caused by repeated wheel passages is known to be a common
cause of derailment accidents. The fatigue cracks generally initiate within the rail head and
will propagate further either along the rail (longitudinal defects) or across the rail head
(transverse defects), as the defects are subjected to subsequent wheel/rail contacts. A serious
failure belonging to the class oflongitudinal internal defects is the vertical split head failure
(VSH), which is vertically oriented with the crack surface parallel to the rail [see Fig. l(a)].
A complete fracture from the VSH can result in the loss of substantial length of running
surface (Mayville, 1985). Contact fatigue analysis is essential to the determination of
significant parameters leading to fatigue failure, such as the critical flaw size and the rate
with which the defects grow.

Many research efforts have been contributed to the study of the transverse defects [see
e.g. Hearle and Johnson (1985) and Sheppard et af. (1985)]. As the initial defects that
develop in the rail are near the wheel/rail contact area, which has dimensions smaller than
the overall rail size, the transverse defects are generally treated as a subsurface crack in a
semi-infinie body by ignoring the effect from bottom surface of the rail head. Farris et af.
(1987) presented a two-dimensional cracking model combined with stability analysis of a
fatigue crack path to study the possible mechanism involved with a shell defect that becomes
unstable and turns into a transverse defect (detail fracture). For the vertical defects that
develop in the rail head, the web and rail bases, due to their stiffness and fracture toughness,
could prevent the crack from running into the rail web. As the defects are subjected to
repeated wheel contacts, the crack may continue to grow longitudinally along the rail and
eventually leads to a vertical split head. Although the VSH, because of possible loss of
guidance of the wheel, is considered dangerous, its fracture mechanisms are still not quite
clear. The purpose of this paper is to present a two-dimensional plane strain model to
estimate the propagation behavior of the VSH from the standpoint of linear elastic contact
and fracture analysis, assuming that a relatively long longitudinal crack has already been
developed.
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Fig. I(b). Problem configuration: cross-sectional representation of rail.

In the present paper, the VSH is idealized as a vertical crack in the infinitely wide strip
(assuming that edge effects are negligible), which is fixed on a portion of the bottom surface
by juncture with the web and loaded by an eccentric Hertzian contact at the top surface.
The plane strain assumption assumes that the crack is infinitely long in the longitudinal
direction. In Section 2, the vertical crack is modeled as a group of edge dislocations
distributed along the crack surface. The contact and crack problems are analysed by the
Fourier transform, which reduces the problems to the coupled integral equations which
have Cauchy singular kernels, the details of which are included in the Appendices. The
numerical procedure for solving the Cauchy singular integral equations is described briefly
in Section 3. The technique developed by Miller and Keer (1985) is used to generate a set of
quadrature formulae, which reduce the integral equations into a set of algebraic equations.
Numerical results for the physical consideration of the VSH are discussed in Section 4. The
interior stress distributions due to eccentric contact loading are shown in terms of maximum
principal stress and von Mises stress. The significant parameters associated with the VSH
such as the eccentricity of wheel loading, crack size and presumed residual stresses are
examined on the basis of the calculated stress intensity factors.

2. MATHEMATICAL FORMULATION

A two-dimensional model is shown in Fig. I(b), which models the cross-section of the
rail of Fig. I(a) with an existing vertical crack loaded by eccentric wheel contact. Since the
contact region is generally relatively small compared with the width of the rail head, the
strip is idealized as infinite in extent in the transverse direction with height, h. To consider
the influence of the head-web fillet, the approximate fixed boundary conditions is prescribed
along the head-web fillet, - b ~ x ~ b, y = h, together with the free traction condition on
the remaining portions. Hertzian contact loading is applied on the rail surface with eccen
tricity of e, contact length a. A crack of length 2c is located at a distance dx from the
centerline of the rail and dy below the rail surface. As previously mentioned the length of
the crack in the longitudinal direction is assumed sufficiently large that the model can be
treated as a plane strain problem.

At first the contact problem in the absence of the vertical crack is considered. The
boundary conditions for the contact problem can be described as follows:

PN J (x-e)2
O"yy{x,O) = - -2 1- 2 ,

rca a

fPNJ (x-e)2
O"vAx,O) = - -2- 1- 2 '

. rca a

Ix-el ~a,y=O,

Ix - e\ ~ a, y = 0,

(I)

(2)
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lTYix,O) = lTyAx, O) = 0, Ix-el > a,Y = 0, (3)

ouy(x, h) ouAx,h)
=0, Ixl ~ b,y = h, (4)=

ox ox

lTyy(x, h) = lTyAx, h) = 0, Ixl > b,y = h, (5)

where PN is the total load applied on the rail and f is the coefficient of contact friction
between wheel and rail surface. Equation (2) assumed that traction is from limiting friction
T = J.llT and is purely longitudinal. Here it is assumed that the stress disribution is Hertzian
and will not be affected either by the layer thickness or by the edge effects.

To solve the two-dimensional problem, the displacement and stress fields are expressed
in terms of the Papkovich-Neuber potentials, which give

oeI> o'P
2J.lJ.l = KeI>-y- --,

y oy oy

(6)

(7)

(8)

(9)

(10)

where K = 3-4v for plane strain, K = (3-v)j(1 +v) for generalized plane stress and v is
Poisson's ratio. The functions eI> and 'P satisfy Laplace's equation. The general solutions for
the potential functions in the strip, 0 ~ y ~ h, can be expressed by the Fourier transform:

(11)

(12)

To solve this mixed boundary value problem the unknown functions, A(1/), B(1/), C(1/) and
D(1/) that satisfy the prescribed boundary conditions (1)-(5) must be solved. From eqns
(6)-(12), the unknown functions in the transformed domain can be expressed as

(13)

where
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(14)

i(K-l)
il '71

i(K-l) _ h
- il'7l e-~h-- --e ~

2 2

(K+ 1)1'71 (K+ 1) 1'71 -~h -'7 e-~h

2'7
-'7 2'7 e

D=
{(K~l) +hl'7IJe-~h [(K-l) ]il'7l e-~h i -2--hl'7l - il'7l

[ - (K~~)i'7l -hl'7IJ e-~h -'7e-~h [(K+ 1)1'71 -hi IJ '72'7 '7

(15)

t<O)}s = Syy(O) (16)
Sxy(h) .
Syy(h)

The vector S represents the transformed components of the applied stresses on the top and
bottom surfaces of the strip.

In order to calculate the stress fields in the strip, first the traction distributed along the
fixed region must be determined. By eliminating the unknown functions and introducing
the boundary conditions, a set of coupled singular integral equations are obtained as,

n(K-l) fb fb [ K+ 1 J
- 2 tx(x) + -b k z\(x, t)txCt) dt+ -b 2(t-x) +kdx, t) ty(t) dt = Pz,

where

-b::::;x::::; b,

(17)

-b::::;x::::; b,

(18)

(19)

(20)

(21)
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2P100

(K+ I)JI ("0) e-h~ [fh (1 - 2h~) ( )P2 = - ,,-e COS" x-e
o 0 "A

- (1 +h,,-e- 2h~ +h" e- 2h~) sin 1](x- e)] d1], (23)

Equations (17) and (18) are coupled Cauchy singular integral equations of the second kind.
The unknown functions tAx) and ty(x) represent the traction distributed over the region,
-b ~ x ~ b, required to satisfy the fixed boundary conditions. It is noted that the regular
kernels, k 12 and k 22 , are not convergent at the lower limits ofthe integration, as 1]-+ O. The
divergence of the kernels can be eliminated by the equilibrium conditions:

(25)

(26)

and

2P fa J (t e)2 fb--.!'- 1- --2- t dt+ ty(t)t dt
no -a 0 -b

h[2f PNfa J (t-e)2 fb J+ -2 -- 1- --2- t dt- tAt)t dt = O. (27)
no -a 0 -b

With the solved tractions precribed along the fixed region, the elastic fields in the trans
formed domain can be obtained from transformed components of applied stresses on both
boundaries. The stress components are obtained by inversion of the Fourier transforms as

H P 1100 [f n . nU yy = Uyy +uyy + - b21 - J) (1]0) sm 1](x-e) -b22 - J I ("0) cos 1](x-e)
no" "

-b23 fb tAt) sin ,,(x- t) dt+b 24 fb ty(t) cos 1](X- t) dtJ d1], (29)

The superscripts Hand P respectively correspond to the stress fields due to the Hertzian
contact loading and the distributed traction applied to the half-plane. The symbols bu,
i = 1,3, j = 1,4, in eqns (28)-(30) are defined in Appendix A.

Consider next the contact problem of an existing vertical crack in the infinite strip,
which is loaded by Hertzian contact. The center of crack is located at x = dx , y = dy with
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length 2e. As the crack surface could experience complicated contact stresses, the crack
may be considered to be partially or fully closed. Thus, the boundary conditions along the
crack surface can be described as:

(Jxx = 0, yE C-C*,x = dx ,

ouAd; , t) ouAd; ,t) _ *_
oy - oy - 0, yE C ,x - dx •

(31)

(32)

(33)

The closed portion of the crack, denoted by C*, is assumed to be in frictionless contact
with normal tractions transmitted between the crack surface. Although there will be friction
on the crack surfaces, they are assumed to be small relative to the other stresses. To analyse
the crack problem, the crack is modeled as distributed edge dislocations along the crack
surface. In an infinite plane, the single edge dislocation at x = dx , y = t is defined by

ouAd;, t) _ ouAd;, t) = -b b( _ )
oy oy x Y t,

oUy(d;, t) _ ouid;, t) = -b b( _)
oy oy y Y t,

(34)

(35)

where bx and by are the dislocation densities. For the contact problem including the dis
tributed dislocations, the elastic fields in the strip can be obtained by superposing appro
priate components as in the following expression:

(36)

and

(37)

"T" the total elastic fields,
"C" the Hertzian contact without the defect,
"D" the equivalent stresses due to the distributed dislocations applied on both

surfaces of the strip,
"F" the distributed dislocations in an infinite plane.

The elastic fields due to the distributed dislocations in an infinite plane are listed in Appendix
B. Therefore, by imposing the boundary conditions along the fixed boundary and the crack
surface, the integral equations can be derived as

K+lfb I n(K-l) fb
-- --tAt)dt+ 2 ty{x) + [k11(x,h,t)tAt)+kdx,h,t)ty(t)]dt

2 -bt-X -b

- b ~ x ~ b, y = h, (38)

n(K-l) K+lfb I fb
- tAx)+-- --ty(t)dt+ [k 21 (X,h,t)tAt)+k 22 (X,h,t)ty{t)]dt

2 2 _bt-X -b

rdy +C

+ Jd -c [k 23 (X, h, t)bAt) +k24 (X, h, t)by(t)] dt = P2, -b ~ x ~ b, y = h,
y

(39)
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1 fb-1 - bAt) dt+ [k 31 (dx,y, t)tAt) +k32 (dx,y, t)tit)] dt

K+ dy-c t-Y -b
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(41)

The kernels k;j, i, j = 1,4 and external forces Pi' i = 1,4 are given in Appendix C. The
kernels k 13 , k 14 , k 23 , k 24 , k 3h k 32 , k 41 and k 42 represent the interaction between the crack
and the fixed boundary. The crack opening displacements at a point y = s can be obtained
from

li.ux = -is bAt) dt,
dy-c

and Mode I and II stress intensity factors at the crack tip can be defined as

(42)

(43)

(44)

(45)

3. NUMERICAL ANALYSIS

Equations (17), (18) and (38)-(41) are two systems of coupled Fredholm integral
equations of the second kind with a Cauchy singular kernel. Cauchy singular integral
equations have been considered in general by Muskhelishvili (1953) and the numerical
methods for solving such equations were summarized by Erdogan et al. (1973). Since eqns
(38)-(41) can be considered as the general case of eqns (17) and (18), the numerical
procedure to solve the integral equations (38)-(41) is described as follows. First, the equa
tions are further simplified by combining them as

K+ 1 fb T(t) (K-l) fb -
-2- -- dt+ -2-'- T(x) + [K11 (X,h, t)T(t)+KI2 (X,h, t)T(t)] dt

-b t-x I -b

idy + c

+ dy-c [K13(x,h,t)B(t)+KI4 (X,h,t)B(t)]dt=Pt. -b ~ x ~ b, y = h, (46)

- 2Jlidy
+

C
B(t) fb -

'-1 -dt+ [K21(dx,y,t)T(t)+K22(dx,y,t)T(t)]dt
11.+ dy-c t-Y -b

idy+C

+ dy-c [K23 (dx,y, t)B(t) +K 24(dx,y, t)B(t)]dt = P 2, x = dx,dy-c ~y ~ dy+c,

where

(47)
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T(x) = tAx) + ity(x) ,

B(x) = bAx) + iby(x), (48)

K I1 = ~(kll +kzz) -ik12 , (49)

K 12 = ~(k II - k 22 ), (50)

K I3 = H(kI3+k24)-i(kI4-k23)]' (51)

K 14 = H(kI3-k24)+i(kI4+k23)]' (52)

K 21 = H(k 31 +k42)-i(k32-k41)]' (53)

K 22 = H(k31-k42)+i(k32+k41)], (54)

K 23 = ~(k33 +k44), (55)

K 24 = Hk 33 -k44), (56)

PI = PI +ip2' (57)

P2 =P3+ ip4' (58)

The integral equations are solved under the assumption that the unknown functions T(x)
and B(x) satisfy the Holder condition on the interval (-b, b). The behavior of the solutions
at both end points can be characterized by fundamental functions such that

cjJ(x)
T(x) = (b-x)"(b+x)P'

where

In addition, two auxiliary conditions are required to render the solutions unique:

rdy+c

Jd -c B(t) dt = O.
y

(59)

(60)

(61)

(62)

(63)

(64)

Equation (63) represents the overall equilibrium conditions for the applied contact
loading and eqn (64) represents the continuity conditions on x = dx and Iy-dyl > c. The
solution T(x) has a singularity of an oscillatory type at the end points, while the square
root singularity for the solution B(y) is appropriate at the crack tips. The oscillatory
singularity arises due to the sharp corner at both ends of the fixed portion, which restricts
displacements in the horizontal and vertical directions. The singularity here is also a well-
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Fig. 2. Contour plots of maximum principal stresses: (a) f = 0, e = 0, (b) f = 0.1, e = a, and (c)
f = 0.1, e = -a.
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known characteristic of the interface crack between dissimilar materials [see e.g. Rice
(1988)]. The numerical technique developed by Miller and Keer (1985) is used to solve the
integral equations. First, the integration interval is divided into N subintervals, in which
the integration points are defined at middle and end points and the collocation points are
defined in the middle of two integration points. At each of the subintervals, the kernel
function is approximated piecewise by quadratic Lagrange interpolation polynomials and
a set of quadrature formulae can be derived. Thus, the integral equations (46) and (47) are
reduced to a set of 4N+ 2 linear algebraic equations, which can be solved numerically. In
general, the number of subintervals, N = 8, is adequate to give very accurate solutions.

4. NUMERICAL RESULTS AND DISCUSSION

In the present analysis, physical quantities such as contact loading, contact radius and
rail geometries are chosen to represent an actual wheel/rail contact. Assuming that a/h = 10,
typical parameters for wheel/rail contact are as follows: a = 4.19 mm, h = 41.91 mm,
b = 7.94 mm, PN = 182.4 kN, Jl. = 79.565 GPa, v = 0.3 (Orringer et al., 1988).

The interior stress distributions due to an eccentric wheel loading are investigated first.
Figures 2(a)-2(c) represent contour plots of the maximum principal stress for different
eccentricities of contact loading and friction coefficient. The stress components are normalized
to the maximum normal contact stress, qo. Since the contact loading is concentrated in a
relatively small contact area, a high magnitude ofcompressive stress is localized just beneath
the wheel contact region. However, tensile stresses are seen to occur in most of the rail
head. The tensile stresses are due primarily to the effects arising from the upper and lower
surfaces. It is noted that there exits a submaximum tensile stress near the center of the rail.
For the case of f = e = 0, the value of submaximum tensile stress is about 0.075qo at
y = 2.5a below the contact surface. As is shown in Figs 2(b) and 2(c), the eccentric contact
loading and the sliding friction increases the magnitude of tensile stresses, when the direction
of the friction is at the same side of contact loading, as shown for example, in Fig. 2(b).
Eccentric loading could induce tensile bending stresses near the center of the rail head and
frictional contact could cause tensile stresses to arise near the surface at the trailing edge
of the contact region. Since the tensile stresses developed in the central region are relatively
small, less than 10% of maximum contact stress, the prevailing tensile stresses may not be
sufficient to nucleate a vertical defect.

The residual stress as a result of plastic deformation has been recognized as having an
important role in the fatigue failure. Figures 3(a)-3(c) are the contour plots of the von

0.02 ,--------------------

0.015

0.005

0.5-0.5

OllH;fole-E~~---L-..JI....-->!l"EH:IHIl'-ElHll~~E&_$_$4lHll_<~~:H!l_<£ll4Il_$

- 1 o
(y - dy) / C

Fig. 4. Crack opening displacements for various locations of the crack with crack length 2c = a.
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Mises stress for different locations of contact loading and friction coefficient. It is noted
that the distribution of von Mises stress near the contact region is very similar to that of
the half-space case. For the case of f = e = 0, the maximum von Mises stress is located
approximately at y = 0.5a with a value of 0.36qo. Accordingly, plastic deformation may
occur around the region just beneath the contact loading as the von Mises stresses reach
the yield limits. As the plastic deformation is compressive, residual tensile stresses arise in
the stress field.

To study the cracking behavior of the VSH, an existing vertical crack in the infinite
strip is considered. As the crack surface may experience complicated contact stresses, the
crack may be partially or fully closed. Figure 4 shows the crack opening displacements for
the crack with length 2c = a at different locations along the y-axis. It is apparent from Fig.
4 that a crack which lies towards the middle of the rail tends to open under the applied
loading, but as a crack tip approaches the top or bottom surfaces of the railhead, that tip
of the crack tends to close. The crack is partially closed as the crack tips approach the top

0.5o
(y - dy) / c

(a)

-0.5
-0.04

- 1

0.04

-+-without crack

---e--c=O.4a

0.02 -+-c=a

----6--c=2a

t x
-+-c=3a

0
C10

-0.02

-0.2

0.5

-+-without crack

---e--c=O.4a

-+-c=a

----6--c=2a

-+-c=3a

-0.5
-0.8

- 1

-0.6

-0.4

o
(y - dy)/c

(b)

Fig. 5. Distributed tractions along the fixed boundary for various crack length: (a) tangential
tractions, and (b) normal tractions.
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or bottom surfaces. The existence of the defect could interact with the fixed boundary as
the lower crack tip approaches the boundary. In Figs 5(a) and 5(b), the distributed tan
gential and normal tractions along the fixed boundary are shown for various crack lengths
and f = e = O. The lower crack tip, point B, is specified on the y-axis at a distance, d' = 2a,
above the bottom surface. Although the distributions of normal and tangential tractions
change slightly with increasing crack length, the effect of the disturbance is insignificant.

As the vertical split head defect is generally observed near the centerline of the rail, in
the following discussion a vertical crack will be assumed on the y-axis, dx = 0, with the
location of contact stresses varied. Figures 6(a) and 6(b) represent Mode I and II stress
intensity factors as a function of location of contact loading. The center of the crack with
length 2c = a is located at a distance dy = O.3h below the top surface and the coefficient of
friction is f = 0.1. The maximum value of the Mode I stress intensity factor [Fig. 6(a)]
exists when the contact loading is applied near the centerline of the rail, i.e. when e = 0 ;
accordingly eccentricity of contact loading does not significantly affect Mode I fracture.
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Fig. 6. Stress intensity factor as a function of location of contact loading (c = 0.5a, f = 0.1 and
dx = 0): (a) K" and (b) KII •
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However, the absolute value of the Mode II stress intensity factor increases with increasing
eccentricity of applied loading [Fig. 6(b)].

In general, the fatigue process can be considered as being in two stages: crack initiation
and crack propagation. The fracture behavior of standard carbon-steel rails is represented
by the threshold stress intensity factor, AKth = 6.04 MPa~ and the Paris law: da/
dN = A(AK1t where A = 1.68 x 10-)0 and n = 3.3 (Barsom and Imhof, 1978). Figure 7
shows Mode I stress intensity factors as a function of the locations of the defect along the
y-axis with the crack length 2c = 8.38 mm. The maximum values of stress intensity factors
for both crack tips occur approximately at dy = 7-13 mm. The K) value at the upper crack
tip decreases rapidly as the crack approaches the contact region, as does the lower crack
tip when it is near the head-web fillet. The stress intensity factor is smaller than the threshold
value, AKth , required for fatigue crack growth. Therefore, the tensile stresses appear to be
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Fig. 8. Mode I stress intensity factror, KIA (solid) and K is (dash), as a function of crack length for
various magnitudes of residual stress (f '" 0.1, e = 0, dx = 0 and dy = 17.78 mm).
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insufficient to provide the driving force for further crack growth. From the metallurgical
and fracture surface analysis of VSH, the defects generally initiate from the region of
inhomogeneous microstructure near the center of the rail head. Miller and Keer (1983)
have shown that the presence of an inclusion could increase the magnitude of the adjacent
stresses. Such defects are particularly damaging when they are close to the running surface
(Miller et al., 1985). In addition, the residual tensile stress that exists at a level below the
surface may have substantial influence on the initiation of a vertical defect. Figure 8 shows
the Mode I stress intensity factor as a function of the crack length at the depth ofdy = 17.78
mm for various magnitudes of residual stress applied on the crack surface. The horizontal
line represents the threshold stress intensity factor below which the defect is considered as
being at the initiation stage. Clearly, the stress intensity factor can attain the threshold
value for a relatively short crack length with residual stresses typical of rails in service. The
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Fig. 10. Variation of mode I stress intensity factors, KIA (solid) and K IB (dash), as a function of

loading cycle (f= 0.1, e = 0, dx = 0 and dy = 17.78 mm).
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crack length as a function of number of loading cycles is shown in Fig. 9 for two values of
residual stress. The fatigue crack growth is evaluated from the calculated stress intensity
factor with the use of the Paris law. The initial crack length is 2c = 10.16 mm and the center
of the crack is originated at dv = 17.78 mm. As the crack tip approaches the running
surface or moves toward the head-web fillet, the growth of the crack is constrained by the
compressive stresses. The analysis presented here indicates that growth at the upper crack
tip stops at about 6.5 mm below the running surface in comparison with 6.35 mm observed
from the fracture surface analysis. The variation of Mode I stress intensity factors during
the fatigue life is shown in Fig. 10. The calculated stress intensity factors indicate that crack
growth is faster at the upper crack tip than at the lower crack tip.

5. CONCLUSIONS

An idealized two-dimensional plane strain model is used to examine the fracture process
of the vertical split head (VSH). It is shown that tensile stresses occur in most of the rail
head due to shear friction on the contact surface and bending stresses as a result ofeccentric
wheel contact. However, the tensile stresses are relatively small compared with the maximum
contact stress. Therefore, the vertical defect is more likely to be initiated by the influence
of the residual tensile stresses upon an existing rail defect, such as an inclusion. As the crack
length reaches a critical size, the residual stresses and tensile bending stresses provide the
driving force for further crack growth. The growth of a fatigue crack in the vertical direction
is evaluated from the calculated Mode I stress intensity factors with the use of the Paris
law. In the propagation phase, the high magnitudes of compressive stresses that occur
beneath the contact loading and the head-web juncture contribute to arrest growth of the
vertical crack. A three-dimensional fracture analysis would be helpful to provide a more
accurate assessment of such issues as longitudinal crack growth and cycles to failure.
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APPENDIX A

The kernels in eqns (28)-(30) :

e~2hll

b
"

=~ {[(2-Y'1)(I-e- 2h
") -2h'1(2-Y'1-3h'1 + 2yh'1 2») e-Y

" + [(2+Y'1)(I-e- 2h
")

-2h'1(2+Y'1-h'1») eY
"}, (AI)
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e- 2h"
b12 = --r {[(I-Y'7)(e- 2h

" -I)-2h'7(1-Y'7 + 3h'7- 2yh'72)] e-Y
"

+ [(I +Y'7)(I-e- 2h")+2h'7(1 +Y'7-h'7)] eY
"}, (A2)

e-h
"

b 13 = T {[(2-Y'7)(e- 2h
" -1)+h'7(3-2Y'7+e-~)] e-"" +[(2+Y'7)(e-2~-I)

+h'7(5 +2y'7 - 8h'7 -4hY'7 2+4h2'7 2_e- 2h")] e-(2h-y)"}, (A3)

e-h
"

b 14 = T {[(I-Y'7)(l-e- 2h")+h'7(3 -2Y'7-e-~)]e-"" + [(I + Y'7)(e-2~ -I)

-h'7(l + 2YlI +4h'7 +4hY'72-4h2112 +e- 2h")j e-(2h-YJ"}, (A4)

e- 2h"
b22 = --r{[(I +Y'7)(e-~-l) -2h'7(1 + Y'7+ h'7+ 2yh'72)] e-"" + [(I-Y'7)(l-e- 2h

")

+2h'7(1-Y'7+h'7)]e'~}, (A6)

(A7)

e-h
"

b24 = T {[(l + Y'7)(I-e- 2h")+h'7(1 +2Y'7+e-~)]e-Y" +[(1-Y'7)(e-2~-I)

-h'7(3 -2Y'7+4h'7 -4hY'7 2+4h2'7 2_e-2~)] e-(2h-Y )"}, (A8)

e- 2h"
b31 = --r {[(I-Y'7)(e-~-I) +2h'7(1-Y'7-h'7+ 2yh'7 2)] e-""

+ [(I +Y'7)(l-e- 2h
") -2h'7(l +Y'7 -h'7)] eY"}, (A9)

e-~

b33 = T ([(I-Y'7)(I-e-2~) -h'7(1-2Y'7+ e- 2h
")] e-"" + [(I + Y'7)(e- 2h

" -I)

+h'7(3 +2y'7 -4h'7 -4hY'7 2+4h2'7 2-e- 2h")] e-(2h-Yl"}, (All)

e-h
"

b 34 = T (['7(h-y)(I-e- 2h
") -2yh'72]e-Y" + [lI(h-y)(e-~ -I)+2hll(Y'/+2yh1l2-2h2'72)] e-(2h-Yl"}.

(AI2)

APPENDIX B

The elastic field in an infinite plane due to the edge dislocations distributed along x = d, and ly-d,.1 .;:; c:

where

aUy JI. Idy+c {X-dx [ 4(y-t)2] y-t[ 4(y_t)2]}
2J1. ax =7[(,,+1) ,-c ~ (,,-1)+-,-2- bx(t)+"7 ("-1)+-,-2- by(t) dt,

2J1. Idy+c{y-t[ 2(X-dx)2] X-dx [ 2(y_t)2] }
O'xx = 7[("+ I) y-C "7 1+ ,2 bAt)-~ 1- -,-2- by(t) dt,

2J1. fdy+c{y-t[ 2(X-dx)2] X-dx [ 2(y-t)2] }
O'yy = 7[("+ I) ~y-C 7 1- ,2 bAt) - -,2- 1+-,-2- by(t) dt,

2J1. IdY+C{x-tilx[ 2(y-t)2] y-t[ 2(X-dY J }
O'XY=7[(,,+I) y-C -;r- -1+-,-2- bx(t)+"7 1- ,2 by{t) dt,

(BI)

(B2)

(B3)

(B4)

(B5)
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The kernels in eqns (38)-(41) :
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r' = (x-dx)'+(y-t)'.

APPENDIX C

(86)

(CI)

(C2)

-2f.l ('" 1
k 14 = (K + I) Jo ;I {[(all -a 12 )S1] -a t2l e-'" - [(aD +a 14)(h-s)1] +a 141e-(h-,)"} sin 1](x-dx) d1]

4 (x-dx)(h-s)'
+ f.l r4 '

k roo I [ . ( h(' - 'h22 = Jo ;I -a'4 sm 1] x-t)-4(K+I) x-t)1] e "ld1],

(C4)

(C5)

(x-dx)(h-s)'
+4f.l ' (C6)

r4

(h-S)3
+4f.l-

r
-4 -, (C7)

(C8)

(C9)

(CIO)

(Cll)

(CI2)

(Cl3)

(CI4)
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P2 = f.oo ~ {~l)("a)[fal2 cos '7(x-e) -a22 sin '7(x-e)] -lta(K+ l)h,,[fhlf-2(x-e)'71 e- 2h
"} d'7,

where

a)) = (K+I)e-""[I-h,,-(I+h'7)e- 2h"I,

al2 = al2 = (K+I)h"e-""(I-e-~),

aJ3 = (K+I)e-~(-1+2h'7-2h2,,2+e-~),

a22 = (K+ J) e-"" [I +h'7 -e- 2h"(I-e- 2h")I,

a24 = (K+I)e-~ (-1-2h'7-2h2'72+e-~),

and b,j , j = 1,3, j = 1,4 are the same as those listed in Appendix A.
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(CIS)

(CI6)

(CI7)

(C18)

(CI9)

(C20)

(C2I)

(C22)
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